We discuss the weak-coupling BCS theory of a superconductor with the impurities, accounting for their anisotropic momentum-dependent potential.
I. INTRODUCTION
Several experiments probing the effect of impurities or lattice defects on superconductivity in the cuprates have been carried out in order to get more insight into the symmetry of the superconducting state. The most thoroughly studied defects are Zn and Ni substitutions 1-18 on the planar Cu sites and irradiation induced oxygen vacancies [19] [20] [21] [22] in the copper oxygen planes. Yet the results are difficult to explain within a standard AbrikosovGorkov type theory of impurity scattering 23 for the scenario of the d-wave superconductivity, which is predicted to be extremely suppressed by the impurities. [24] [25] [26] [27] This issue was critically examined by Radtke et al. 24 who considered isotropic nonmagnetic impurity scattering in the Born approximation and obtained the critical temperature in both weak-and strong-coupling approach close to the Abrikosov-Gorkov scaling function. A comparison to the electron irradiation data 19 in Y Ba 2 Cu 3 O 7−δ (Y −123) showed that the theoretically predicted T c was about twice as much reduced by the impurities than observed. This inconsistency can be settled down within the weak impurity scattering model if the impurity scattering rate a factor of 3 less than the one deduced from the transport measurements is assumed 20, 21 which is equivalent to an introduction of two separate relaxation time scales -one defining the scattering time in pair-breaking processes and the other representing the transport scattering time.
Such a distinction occurs naturally as a consequence of an impurity momentum-dependent scattering probability. 28 The issue of a possible anisotropy in the impurity scattering potential was suggested in a discussion of the irradiation data by Giapintzakis et al. 19 where the authors evoked a model by Millis et al. 29 A more general formulation of the problem was given in our previous paper, 30 where the effective correlation between two impurity vertex functions was assumed in the form |w 0 | 2 + |w 1 | 2 f (k) f (k ′ ), with |w 0 | and |w 1 | representing isotropic and anisotropic impurity scattering amplitude respectively and f (k) determining the symmetry of the impurity potential. 31 Our analysis showed that the symmetry of the anisotropic potential is an important factor and a significant reduction in the pair-breaking strength appears for large values of ef 2 = [ F S dS k n (k) e (k) f (k)] 2 , where F S dS k denotes integration over the Fermi surface (FS) and n (k) is the normalized ( F S dS k n (k) = 1) angleresolved FS density of states. Particularly low T c suppression is predicted for ef 2 = 1 that is for the anisotropy of the scattering potential in phase with the order parameter, which in the case of the d x 2 −y 2 -wave superconductor corresponds to f (k) ∼ k 2 x − k 2 y . Within this approach we were also able to understand quantitatively the irradiation data 19 in Y − 123.
Through the postulation of the analytic form of the square value of the impurity potential this approach has been designed for the second-order Born approximation and cannot be efficiently extended to include multiple impurity scattering processes. Such a generalization is important from the theoretical and experimental points of view, especially in the light of the recent experiments suggesting a possible strong (close to unitary) scattering by Zn atoms in Y − 123 and La 2−x Sr x CuO 4 (La − 214) compounds. 2 For that purpose a model based on the assumption of the impurity potential and not its square value is needed.
In this paper we study in the t-matrix approximation the pair-breaking effect of the nonmagnetic impurities with the anisotropic momentum-dependent factorizable potential.
The influence on the superconducting transition temperature is analyzed quantitatively in the Born and unitary scattering limits. In particular, we find that the scattering from impurity potential in phase with the order parameter leads to a stronger suppression of the critical temperature than from the impurity potential orthogonal to the superconducting state. On the other hand, the superconducting state appears very robust to the potential scattering with its maxima in the region of the nodes of the order parameter. Finally, we find that the Zn and electron irradiation T c suppression data in Y −123 and La−214 are in the range predicted by our model.
This work is organized as follows. In Sec. II, we introduce the anisotropic momentumdependent impurity potential. In Sec. III, we derive the expressions necessary for the analysis of the scattering process of arbitrary strength. In Sec. IV, we obtain the selfenergies due to impurity scattering at the superconducting-normal state phase transition which allows the evaluation of the critical temperature. Except for comparing to the experimental data we assumeh = k B = 1 in the calculations.
II. IMPURITY SCATTERING POTENTIAL
As the impurity scattering strength is rather impossible to be determined from first principles, the information about the scattering process is usually deduced from a comparison of the experimental data with the theoretical models. These models assume a certain phenomenological impurity potential 23, 24, 29, 30, [32] [33] [34] [35] [36] which is verified by a fit to the available data. We proceed in the same way by analyzing the impurity scattering potential of the factorizable form
The above interaction consists of two channels -the isotropic scattering channel with the scattering amplitude v i , and the anisotropic one determined by the scattering strength v a and momentum-dependent function f (k). We assume that the f (k) average value over the
is orthogonal to the isotropic s-wave term in a sense of a scalar product defined as the FS integral and in consequence a symmetry other than the identity is introduced into the impurity potential. An additional normalization f 2 = 1 gives v a the meaning of the scattering strength magnitude in the anisotropic channel. The chosen potential depends on the absolute orientations in the crystal of the incoming and outgoing (scattered) particles momenta, not only on the angle between k and k ′ . The usually assumed isotropic conditions 37 of a spherical (cylindrical in two dimensions) constant energy surface and the scattering probability dependent only on the angle of deflexion are broken here. 38 This leads to a momentum-dependence of the time between scattering events determined by the imaginary part of the self-energy and a momentum-dependent relaxation time in the Boltzmann equation. 39, 28 This second quantity is worth mentioning as it provides the information about the normal state transport properties and can be used as an additional physical assessment of the phenomenological model.
28
A constraint on the potential (1) which follows immediately from the analysis of the normal state properties is a nonzero value of the scattering amplitude in the isotropic channel v i .
A lack of the s-wave scattering may lead in some cases to an infinite value of some elements in the dc conductivity tensor, 28 that is to nonphysical transport properties.
The anisotropic potential from Eq. (1) distinguishes a certain set of coordinates which we think should coincide with the main directions in the crystal. This assumption seems rather plausible because the impurity potential is determined by the dopant atom itself as well as its substitution site in the crystal. The potential produced by a given sort of impurity (defect) may be considered unique since the impurities tend to selectively substitute at characteristic sites in the crystal. The Zn and Ni atoms occupy the in-plane Cu sites [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the electron irradiation displaces the oxygen atoms from the CuO 2 planes.
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Therefore on a short length scale of the order of magnitude of the lattice constant a given impurity dopant produces the same potential of the same orientation throughout the crystal. On the other hand, on a large length scale the impurity distribution in the system is random and the Abrikosov-Gorkov's method 23 of averaging the Green's functions is applicable.
We have not made any assumption about the electron energy band yet and we use a general formalism deriving the equations valid for an arbitrary Fermi surface. For the computational simplicity, however, the numerical results are obtained for a cylindrical FS.
This approximation allows to study the effect of the anisotropy of the impurity potential alone. The anisotropy of the Fermi surface may equally enhance or suppress the pairbreaking effect of the impurities. The detailed quantitative calculations are needed to answer this question which is beyond the scope of the present paper.
For the numerical calculations we take the function f (k) in the scattering potential (1) proportional to the harmonic functions which in a polar angle notation read sin(lφ) and cos(lφ), where l is an integer number. Therefore we study the effect of the basis elements in a space of the functions determined by a two-dimensional momentum vector.
III. T-MATRIX APPROXIMATION FOR THE SELF-ENERGY
We study the effect of potential scattering by spinless, noninteracting impurities on the single-particle propagator for superconducting electronŝ
Here ξ k is the quasiparticle energy, ω = πT (2m + 1), where T is the temperature and m is an integer.τ j ,σ j (j = 1, 2, 3) are the Pauli matrices andτ 0 ,σ 0 are the unit matrices in particle-hole (Nambu) and spin space respectively. The order parameter ∆ (k) is defined as
where e (k) is a momentum-dependent real function which may belong to a one-dimensional of averaging over the coordinates of the impurities and depend on only one momentum vector k. In this approximationΣ
where n is the impurity concentration andT obeys the Lippmann-Schwinger equation 33, 34, [40] [41] [42] [43] 
Since the scattering potential for a single electron
is momentum-dependent (Eq. (1)), the vertex partT (k, k ′ , ω) is a function of two momenta k and k ′ . Therefore it should be evaluated from Eq. (5) using the explicit form of v (k, k ′ ) first, and then the self-energy can be obtained according to Eq. (4) by taking k ′ = k. We proceed to a solution by defininĝ
and expanding all matrix quantities aŝ
The expression for the one-particle Green's function is then
The formal solutions for the self-energies Σ j (k, ω) (j = 0, 1, 2, 3) obtained through Eqs. (4) and (5) read
Note a permutation: v i ↔ v a ,ĝ 0 ↔ĝ 2 , in the arguments of the anisotropic parts (propor-
The functions s j , t j and u are given by a series of equations (7) and (9)) given by the integrals of the products of the Green's function G (k, ω) and appropriate powers of the impurity potential anisotropy function f (k). These coefficients are introduced in order to shorten and simplify the notation of the self-energy functions. We define them in the sequential formulas with a use of additional b j parameters
The self-energies can be evaluated with a simultaneous solution of the gap equation
where per, however, we calculate the self-energies at the phase transition and for that purpose we need to show only the consistency of the assumption Σ 3 = 0 at the critical temperature T c .
In the following we assume a particle-hole symmetry of the energy spectrum, take g i3 = 0
(i = 0, 1, 2) and check if this condition leads to a vanishing self-energy Σ 3 .
IV. SELF-ENERGY AT PHASE TRANSITION
We consider the effect of anisotropic impurity scattering on the critical temperature. At the superconducting-normal state phase transition the gap equation (18) transforms into
In order to find T c the self-energies in ∆ → 0 limit are to be obtained. 
Calculation of (Σ 1 (k, ω) /∆) ∆=0 and (Σ 2 (k, ω) /∆) ∆=0 quantities is more tedious and requires a solution of two sets of two linear equations which determine four unknowns
where
and
In the following subsections we consider the above self-energies in the Born and unitary scattering limits.
A. Born scattering
When both isotropic and anisotropic impurity scattering channels are in the Born scat-
only the lowest order terms in the impurity potential play role in the self-energies. Keeping up to the square terms in v i (v a )
we obtain from Eqs. (20) and (21) Σ
Though Σ 3 is nonzero, it may be absorbed into the chemical potential and its effect vanishes in the Born scattering.
It is noteworthy that apart from the average value of the order parameter symmetry function, e , a term reflecting the overlap between e (k) and f 2 (k) influences the selfenergy (Σ 2 (k, ω) /∆) ∆=0 . The limit of v a = 0 gives the standard s-wave impurity scattering in the Abrikosov-Gorkov approximation 23 with
i e sgn (ω) /ω, and the critical temperature determined by
B. Unitary scattering
The limit of the resonant impurity scattering in both isotropic and anisotropic channels i.e. c i → 0, c a → 0 in Eqs. (20) and (21) leads to
and Σ 3 (k, ω) ∆=0 = 0 which is consistent with the assumption of particle-hole symmetry of the excitation spectrum. The unitarity limit in Eqs. (22)- (24) gives
The impurity potential may lead to the strong scattering in one channel and the weak scattering in another. If the strong scattering takes place in the isotropic channel and the scattering in the anisotropic one is in the Born limit, then we deal with a case of the isotropic unitary scattering. 33, 34, [40] [41] [42] [43] The opposite case with the strong scattering in the anisotropic channel and the weak scattering in the isotropic one is equivalent to a nonphysical situation of unitary scattering in the anisotropic channel alone as discussed in section II.
V. CRITICAL TEMPERATURE
The critical temperature in the weak-coupling BCS approximation is determined by the
where because of the momentum-dependent self-energies the summations over the quasimo- (1 − α) /α to define a particular potential.
s-wave superconductor
We note, before discussing the unconventional superconductivity, that for the isotropic s-wave superconductor, given by e (k) = 1, the T c equation (30) along with Eqs. (25) and (27) do not lead to a change of the critical temperature in agreement with the Anderson's theorem. 44 
d-wave superconductor
The critical temperature for a d x 2 −y 2 -wave superconductor that is for e (k) ∼ (k • rotation in the xy plane of the order parameter function e (k) ∼ cos2φ, that is, the impurity potential maxima correspond to the superconducting gap nodes and vice versa. In this way the impurity pair-breaking effect is minimized. The suppression of the critical temperature is reduced by an increasing amount of the anisotropic scattering in the impurity potential. For large v a /v i , however, the shape of the suppression lines changes slightly and a small enhanced suppression can be observed for some impurity concentration (Fig. 1e) . In general, the anisotropic impurity potential given by a function orthogonal to the order parameter is less pair-breaking than f (k) ∼ e (k). The T c suppression by the 3rd and 4th order harmonics is less than the one of cos2φ but it exceeds that of sin2φ. It is also decreasing for increasing level of anisotropy (Fig. 1e) . A study of the higher order harmonics up to the 10th order for the anisotropic scattering strength equal to the isotropic one (v a /v i = 1) leads to almost the same result as the 3rd and 4th order harmonics. This approximately universal behavior for harmonics from the 3rd to the 10th order is shown in Fig. 2 . Concluding we may say that to a good accuracy the anisotropy of the impurity potential given by the harmonics of the order higher than two yields an approximately universal T c suppression.
It is also worth mentioning that except for the isotropic scattering the critical temperature goes to a zero value asymptotically. The asymptotic tails start at very low temperatures of the order of magnitude of 10 −4 T c 0 (not seen at the figure scale) where the fluctuation effects become important and may destroy superconductivity.
Remembering that this potential cannot be considered on its own without any higherorder admixture, we show the pair-breaking effect of the p-wave scattering in the anisotropic channel for different v a /v i values in Fig. 3 . Compared to the other harmonics ( Figs. 1-2) it yields the lowest T c suppression. This fact can be explained by an effectively small-angle scattering of the p-wave potential. If it is given by cosφ function then mostly the quasiparticles with their momenta parallel to the x-axis are affected, and for the sinφ function representing impurity potential the electrons moving along the y-axis are being scattered.
Thus we deal with a weak practically one-dimensional scattering in a two-dimensional space.
The pair-breaking effect of both basis functions cosφ and sinφ is the same within the accuracy of the numerical calculations. Worth observing is also a feature of a reduced T c suppression with an increasing amount of p-wave scattering in the impurity potential. However, at large amplitudes in the anisotropic channel (v a /v i ∼ 5) the initial suppression of the critical temperature can be enhanced. Characteristic is also a clear asymptotic decrease of the critical temperature to its zero value.
Any impurity potential given by Eq. (1) can be represented as a combination of the potentials based on single harmonics. Therefore, we expect that the pair-breaking effect will be given by an appropriate superposition of the effects discussed above.
(d+s)-wave superconductor
As an example of a (d x 2 −y 2 + s)-wave superconductor we consider the one with an s-wave admixture of 10%. This is the order of magnitude of the s-wave level which cannot be ruled out by the ARPES measurements in the cuprates. 45, 46 The normalized to unity order parameter is given then by e (k) = (cos2φ + s) / (cos2φ + s) (Fig. 1c) and its asymptotic reduction. A change in the symmetry of the order parameter also causes a split in the suppression of the critical temperature by the p-wave anisotropic channel scattering.
B. Unitary scattering
The relation determining the partition of the scattering amplitudes between the isotropic and anisotropic channels,
, holds as long as these amplitudes are finite. In the case of the resonant scattering we make an approximation of v i and v a diverging to infinity. Therefore we cannot control the relative scattering strengths in both channels and these processes become independent. Each part of the impurity potential enters the self-energy functions (Eqs. 20-24) through variables c i and c a .
It is important to note that the self-energies depend on c i and c a parameters separately so they are functions of c i and c a and not of any combination of them (like c a /c i for instance). In the unitarity limit c i → 0, c a → 0 and the contributions from the isotropic and anisotropic channels are in fact equal. Similarly to the Born scattering limit, we want to discuss the effect of an anisotropic impurity potential that replaces the isotropic one.
In order to do an appropriate comparison we need to refer to the isotropic scattering in two channels or equivalently to a regular isotropic scattering in one channel with a doubled impurity concentration 2n. Therefore, to compare the anisotropic unitary scattering with a corresponding isotropic one, the impurity concentration for the anisotropic scattering model must be half of the concentration of the s-wave impurities. We take the impurity concentration equal to n/2 for the two-channel anisotropic potential and the results are plotted as a function of Γ ′ = 2Γ = n/ (πN 0 ), where n is the real impurity concentration the same as in the Abrikosov-Gorkov scaling function for the s-wave scattering. That is, the two-channel scattering potential is averaged over two impurities so there is only one scattering channel per impurity present. This procedure introduces the anisotropic scattering potential of the form given by Eq. (1) and the same scattering strength as the isotropic one in the unitarity limit.
s-wave superconductor
The lack of influence of the potential anisotropic impurity scattering in the unitary limit on the critical temperature can be shown rigorously for a small concentration of the defects n/(πN 0 ) ≪ 1, when the self-energies Σ 0 (k (28)) and ( (29)). For a larger impurity concentration a numerical analysis confirms this result with a very good accuracy.
d-wave superconductor
The effect of the anisotropic unitary scattering on a d Another characteristic fact is practically the same critical temperature dependence on the impurity concentration (i.e. not distinguishable in Fig. 5 ) for the p-wave scattering in the anisotropic channel and sin2φ scattering potential. Similarly to the weak scattering limit, except for the s-wave scattering the suppression of superconductivity at low T c is asymptotic,
however not seen at the scale of Fig. 5 .
(d+s)-wave superconductor
A (d x 2 −y 2 + s)-wave superconductor is more robust against the impurity scattering due to a nonzero s-wave component. Since cos2φ function is no longer in phase with the order parameter its pair-breaking effect is lowered and becomes even less than the isotropic one for low critical temperatures. The results for the same level of the s-wave part in a (d x 2 −y 2 + s)-wave order parameter as the one discussed in the Born limit are shown in Fig. 6 . It is worth mentioning that the p-wave scattering leads again to the same T c suppression as the sin2φ anisotropic potential.
VI. COMPARISON TO EXPERIMENT
In the overdoped samples T c /T c 0 data points plotted vs. impurity concentration form a universal curve independent of the critical temperature in the absence of impurities.
10,47
Such a universal scaling behavior is characteristic of the impurity limited superconductivity provided the pair-breaking parameter Γ ′ / (2πT c 0 ) does not change with T c 0 . This requirement is equivalent to a constraint N 0 T c 0 = constant in the unitarity limit and may be obeyed in the overdoped systems where the critical temperature decreases with increasing hole concentration. 10 There are also indications that a large residual resistivity due to Zn atoms in the cuprates corresponds to an impurity potential scattering in the unitary limit. estimated from the measurements of the specific heat jump at the phase transition ∆C.
1,48
We employ the BCS weak-coupling relation ∆C/γT c ≈ 1.43 to obtain the normal-state Sommerfeld constant γ which gives the density of states through γ = 2π 2 k 2 B N 0 /3. It is important to note that the strong-coupling corrections 49, 50 as well as the interaction with impurities 51,52 may change this relation significantly and in consequence alter the overall density of states. It may result in a wide range of T c solutions. 53 Because of a difficulty in the separation of lattice and electron contributions to the specific heat the thermodynamic experiments provide ∆C values with the accuracy depending on the quality of a sample. For high purity, fully oxygenated Y −123 compound grown in BaZrO 3 the mean-field component of the electronic specific heat jump is estimated as 56 ± 2 (mJ/K 2 mole). 48, 54, 55 In La−214 system this quantity is in the range of 14 ± 5 (mJ/K 2 mole). 48, 56 There is no specific heat jump observed at the phase transition in Bi−2122 compound 48 thus the present method of obtaining the density of states cannot be applied in this case. We discuss the experimental results in this system together with Y −123 and La−214 compounds more extensively in Ref. 
10,47
This feature may suggest a possible sample-dependence of the effective impurity scattering caused for instance by the differences in a sample preparation or Zn substitution processes.
Even small changes in the hole concentration alter the electronic density of states at the Fermi level and result in a modified impurity scattering rate.
According to T c 0 values, we gather the experimental data for Zn doped La−214 in two groups corresponding to T c 0 equal to 30K (Fig. 8a) 1 and 36K (Fig. 8b) . 1, 3 For the sample of T c 0 ≈ 30K the experimental suppression of the critical temperature is in the range of anisotropic scattering determined by sin2φ (Fig. 8a) . The pair-breaking effect of Zn atoms in the samples characterized by T c 0 ≈ 36K is on the edge of anisotropic scattering in higher order harmonics but also right in the middle of sin2φ based anisotropic scattering. As we can see, the quantitative calculations for La − 214 compound contain a large uncertainty margin which is caused by a lack of a precise value of the specific heat jump at the phase transition and consequently of the electron density of states on the Fermi surface. The error in the experimentally estimated magnitude of ∆C is of the order of 36%.
A similar analysis of Ni substituted samples shows that the pair-breaking effect in the unitary limit is stronger than observed experimentally. For the sake of comparison we present Ni doped Y −123 compound data 12, 14, 15, 18 and our theoretical curves for the resonant scattering in Fig. 9 . Less difference between the experimental and theoretical results is seen for La−214. 53 Although this comparison is suggestive for a weak potential scattering, the detailed calculations in the Born scattering limit giving the critical temperature dependence on the residual resistivity 28 are needed in order to draw more firm conclusions.
Finally we discuss the electron irradiation experiments in Y −123. 
VII. CONCLUSIONS
We have studied the pair-breaking effect of the anisotropic impurity scattering in the t-matrix approximation for d is particularly important as it shows that a weak reduction of T c due to anisotropy of the impurity potential proportional to the superconducting order parameter which follows from the weak-scattering model 30 is not a general feature of the anisotropic impurity scattering.
Another class is defined by f (k) ∼ sin2φ. It leads to the lowest impurity pair-breaking effect in the case of the unitary scattering and second lowest for the Born limit. This kind of scattering is maximal in the direction of the nodes of the order parameter and it vanishes where the gap function has its maxima. Therefore, the effective scattering is minimized by the symmetry of the impurity potential. Any other function orthogonal to the d-wave
order parameter results in a rather universal T c suppression and falls into the third group of the potentials. The pair-breaking in this case is less than that of the isotropic scattering but it exceeds the one of sin2φ based potential, and in the unitary limit is very close to the isotropic scattering. Resonant scatterers in the p-wave channel lead to the same T c suppression as the d-wave scattering given by sin2φ function. In the Born scattering limit, however, the p-wave anisotropic scattering results in the lowest T c suppression.
We have compared our results for the d a proper analysis very difficult. Therefore, before any final conclusion about the impurity suppression of the critical temperature in the cuprates can be made, a much more accurate determination of the electronic density of states on the Fermi surface has to be done.
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